SURFACE AREA. II

BY
HERBERT. FEDERER

1. Introduction. All definitions of §2 of our preceding paper, Surface
Area. I1(1), are again in force.

Throughout the present paper we fix two positive integers m <n. We are
interested in the validity of the formula

Jvu. 1. sy = [ spaas

where f is a function on E,, to E, and TCE,. The left-hand member of this
equation is the integral, relative to our m-dimensional surface measure over
E,, of the multiplicity of f on T. We believe that this integral appropriately
measures the area of that part of the surface f which corresponds to T'. The
integrand of the right-hand member is the Jacobian associated with f by
means of its approximate differential.

Our main results are contained in the Theorems 5.1, 5.2, 6.1 and 7.2.
The last of these, which is a specialization of the preceding theory, yields new
information about Dini derivatives.

In case m =2 it follows from the work of Radé, McShane, and Morrey(?)
that the right-hand member of the identity frequently equals the Lebesgue
surface area of f.

If f is univalent, the left-hand integral is the ® measure of the image of T
under f.

2. Definition of the measure &.

2.1 Definition. We say P is a projectirg function (on E, to E,) if and only
if there is an orthogonal transformation R on E, to E, such that the relations

R(x) =y and P(x) = (y1, y2 "+, Ym)

are equivalent whenever x and y are points in E,.
For SCE, we define v(S) to be the supremum of numbers of the form
| P*(S)| where P is a projecting function(3).

Presented to the Society, October 30, 1943; received by the editors September 16, 1943.

(1) Trans. Amer. Math. Soc. vol. 55 (1944) pp. 420—437. We hereafter refer to this paper
as SAY.

(® T. Rad6, Uber das Flichenmass rektifizierbarer Flichen, Math. Ann. vol. 100, p. 445;
On the derivative of the Lebesgue area of continuous surfaces, Fund. Math. vol. 30, p. 34.

E. J. McShane, Integrals over surfaces in parametric form, Ann. of Math. vol. 34, p. 815.

C. B. Morrey, 4 class of representations of manifolds, Amer. J. Math. vol. 55, p. 683.

(’) IP‘(S)I is the m-dimensional Lebesgue measure of P*(S).
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Whenever SCE, and r >0, we denote by v,(S) the infimum of numbers of

the form
2 ¥(T)
TEF

where F is a countable family of open connected subsets of E,, each of di-
ameter less than r, such that SCo(F).
We now define the function ® on the set of all subsets of E, by the relation

®(S) = lim v«(S).
r—0+4

This limit exists because v,(S) is monotone in 7 for each fixed set S.

2.2 Remark. If m=2 and n =3, then the functions %, 7,,  of Definition
2.1 are identical with the functions bearing the same names in SA I.

In fact the reader will easily convince himself that the functions P, in-
troduced in §3 of SA I are projection functions in the sense of 2.1 of this
paper; and each of our present projection functions is of the form R: P, where
R is an orthogonal transformation of E,. Using the invariance of plane Le-
besgue measure under such transformations it may be seen that the old and
new meanings of v are identical; consequently the same is true for v, and ®.

2.3 Remark. Theorems 3.4, 3.5, 3.6, 4:4 of SA 1 are true in our present
general setting with P, replaced by any projecting function P. The proofs
are exactly the same as before.

2.4 Remark. If m=mn, then ® is m-dimensional Lebesgue measure.

2.5 Remark. If m=1, then ® is Carathéodory linear measure over E,.
In fact y(T) =diam T for every connected set TCE,.

3. Further definitions.

3.1 Definition. We write det A4 for the determinant of a square matrix 4.

Now suppose p and ¢ are positive integers.

A function L on E, to E, is said to be linear if and only if L is continuous
and

L(x+ y) = L(x) + L(y) for x € E,, y € E,.

We make no distinction between L and its matrix. The jth column
(j=1,2,---,p)of Lisa point of E, and denoted by L. We further define
the norm of L by the relation

Il = sup | L(=)].

If p =g, then

oy e
A(L) = {E (det M,)z}
zE8
where x €S if and only if x is a set of p integers between 1 and ¢; and :M, is

the minor of L which is made up from the p rows whose indices are elements
of x.
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3.2 Definition. Suppose g is a numerically valued function on E, and
xEE,. Then we define
lim sup ap g(2)

as the infimum of numbers of the form

lim sup g(z)
z—z,2E4
where 4 is a Lebesgue measurable subset of E, with density 1 at .
3.3 Definition. Suppose f is a function on E, to E,.
We say f is differentiable at x if and only if there is a linear function L
on E, to E,; such that

Jﬂ@—ﬂw—L@—@|_

lim su = 0.

-z | 22— X l
The (unique) linear function occurring in this definition is called the differ-
ential of f at x.
We say f is approximately differentiable at x if and only if there is a linear
function L on E, to E, such that

/@) — /&) —Le— D] _

lim sup ap

2>z | Z — x|

The (unique) linear function occurring in this definition is called the ap-
proximate differential of f at x.

If p <q then we define the function Jf as follows: The domain of Jf is

the set of all points of approximate differentiability of f and for each such

point x we let
Jf(x) = A(L)

where L is the approximate differential of f at x.
3.4 Remark. Suppose f is a function on E,, to E,.
It may interest the reader, although we shall not use it, that in case m =2
our definitions imply
Jf = (EG — F*»)'/?

where the right-hand member has its classical meaning.

Furthermore in case m =7 our Jf(x) equals the absolute value of the clas-
sical Jacobian determinant of f at «.

Similarly in case m =1 our Jf(x) is the absolute value of the approximate
derivative of f at x.

3.5 Remark. If f is a univalent differentiable function on E,, to E,, then f
transforms E, into a Riemannian manifold R.. Fix a point xEE,, and let g
be the matrix of the fundamental differential quadratic form associated with
the point f(x) ER,, and the coordinate system defined by f. Denoting the
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differential of f at x by L and its conjugate by L, we have g=L:L and see
from the proof of Lemma 4.2 below that (det g)V/2=Jf(x).

No use is made of this fact in this paper.

4. Lipschitzian surfaces.

4.1 LemMA. If f is a function on TCE,, to E, and M is a number such that
|f(z) —f(x)I éMlz—x| whenever x& T,z2E T

a[*(D] = M)~| T|.

then

Proof. Let > 0.
Let S be an open set for which TCS and | S| | T| +7. Whenever xET,
p>0and
a=EnE|[|z— 2| =]

we denote
G=EnE[|z—2|<5] a= E.E [|y = f(2)| < 5Mp]
and readily check that
/MT&) Ca  v(@ = Mn|&| = (sM)"]al.

Now let F be the family of all closed spheres a with center in T and such
that «CS, diam & <r. Clearly F covers T" and we use a well known covering
theorem(*) to select such a disjointed subfamily G of F that

TC X a
«€Ea
Hence f*(T) CZaE ¢& and

v X v@ =M X o = )" S| = S| T|+ 7).
P =T P =X

Let r—0.

‘4.2 LEMMA. If L is a linear function on E,, to E, and R is an orthogonal
transformation on E, to E,, then A(R:L)=A(L).

Proof. For each nXm matrix A we denote its conjugate m X7 matrix
by 4, that is 4}=A}; hence the Cauchy-Binet theorem () implies
[A(4)]2 = det (4:4).
From this we infer
[A(R:L)]? = det [(R:L):(R:L)] = det [(T:R):(R:L)]
=det [L:(R:R):L] = det [(Z:L)] = [a() ]~

(*) A. .P. Morse, A theory of covering and differentiation, Trans. Amer. Math. Soc. vol. 55
(1944) pp. 205-235, Theorem 3.5.
() A. C. Aitken, Determinants and matrices, Edinburgh, 1942, p. 86.
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4.3 LEMMA. If f is a function on E,, to E,; M is a number such that
|fG)— f(x)| S M|z — x| for 2E Em x € En;
A is a Lebesgue measurable subset of E; f is differentiable at each point of A and

O0<AN<LJf(x) <p< oo for xE A;
then

Mals [NG, 4, Daey s ulal.

Proof. Denoting the family of all Lebesgue measurable subsets of 4 by K,
we infer from 4.1 that

f¥(X) is ® measurable for X € K.
For x €A let Df(x) be the differential of f at x. For k=1, 2, 3, - - - we

define
| 1(z) — 1(x) — [Df(=)](z — )|
n(x) = sup
0<|z—z| <k} | z - xl

and are told by 3.3 that

n(x) >0 as k— o foreach x € 4.

Helped by Egoroff's theorem we next select such disjoint closed subsets
Bl) B2r BS, M ofA that

(1) |A—B|=0, where B=2B.,
a1
and
ni(x) = 0, uniformly for x € B,, as k— o

for each positive integer s. Thus f is uniformly differentiable on B,. Using
the standard theorem on uniform convergence we also note that the partial
derivatives Dyf, Dof, - -+, Dnf are continuous relative to B,. In the terminol-
ogy of Hassler Whitney(®) all this implies that f is of class C’ in B, in terms
of the functions f and D,f, Dof, - - -, Dnf for each positive integer s.

Now Whitney's extension theorem(”) gives us such functions gy, g2, g3, * *
with continuous partial derivatives on E, to E, that '

g(x) = f(x) and Djg(x) = D;f(x)
for x€B,;s=1,2,3,---;j=1,2,.--, m. Since
| Dige(x)| = | Dif(x)| = M for xE B,

(°) H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans.
Amer. Math. Soc. vol. 36 (1934) p. 64.
(M Loc. cit. (%), p. 69, Lemma 2.
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and D,g, is continuous, we can select open sets Q1, Qz, Qs, - - -+ such that
BaCQaCEm and

(2) | gu(2) — gu(2) | < 2M | x — zl whenever x € Q,, z € Q..

The remainder of the proof is divided into three parts.
Part 1. If s is a positive integer, x& B, and >0, then there is a family
F(x) of closed subsets of Q, such that
e . | «f
0 = inf diam e; 0 < inf

aEF(z) «EF(z) (diam o)™ '

aE F(x) implies xEe, )\Ial <®[g*(e)] and associated with « is an open
sphere aC E, for which g*(e) C&, diam & <7 and y(a) <g|«|.

Proof. Abbreviate L=Df(x). Select an orthogonal transformation R on
E, to E, such that

(3 R(L')EEné’j-[yc=0fori=m+1,m+2,...»,n]
for j=1,2, - - -, m; and let P be the projecting function such that the rela-

tions
R(y) =2 and P(x) = (31,22, - * , 3m)

are equivalent whenever y-and 2 are points of E,. Take
p = P:g, T =P,

and note that L is the differential of g, at x. Thus T is the differential of p
at x and from (3) and Lemma 4.2 we infer

(4 Tp(x) =|det T| = A(T) = A(P:L) = A(R:L) = A(L) = Jf(x) > 0.
Using (3) again we verify
(5) | T(w) | = | R[L(w)]| = L(w)| for wE En

By virtue of (4) there exists an inverse U of T.
Now choose ¢ so that 0 <¢| U]| <1 and

(6) A< I = lUhm < T + U] < u
and then select such a positive number & that

@ 25(1 + €| vl <A|v]]

and

(8) |g.(z)—g..(x)-L(z—x)|<e|z—xl whenever 0< |z — x| <.

Next the classical theorem on continuously differentiable functions with
nonvanishing Jacobian yields in view of (4) a number ¢ such that 0 <¢< 4§ and
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*(S) is an open subset of E,,

where
S=EnE[|z—=|<t]CQ.

Now a typical set € F(x) is constructed as follows:
Choose a number p for which 0 <p|| U]| <¢ and
9) wE p*(S) whenever |w — p(x)| < (1 — e||U||)p.
Corresponding to this number p let
a=EnE[| TG — 2| 5],
a=E, E[|y— g@]| <1+ dU]el
Clearly xEa, ais closed, &is an open sphere of E,, and diam &=2p(1 +¢| U]|)

<23 U||-*(1+¢| U]|) <r by virtue of (7). A moment’s thought convinces us
that

(10) |a| - |det T| =| En E [| 2] < 0]/,

(11) 7@ = (1+ [|U)~| EnE [| 5] = o]].
Next we check

(12) |2 — 2| =|UITG - o)]| = ||Ullp <t <8 for 1€ a;

(13) aCSCQ, and dia.ma<2”U||p.

Evidently g,(x)Ea and the relation x#2Ea implies via (12), (8), (5),
(12) that

l6(s) = &) | <| LGz — 9|+ ¢e|z — 2| S| TG — )| + | Ullp
< (1 + €| U|)),
hence g,(2) €Ea. Accordingly
(14) g (e) C &
Now let
C=EnE[|w—px]|< - Ul
If wE& C we use (9) to pick 2E S with p(z) =w. Since t <& we may use (8) and
(12) to check
| 2(2) — p(2) = TG — )| = | Ples(®)] = Pleu(#)] — P[LGz — #)]|
=| Plg.(2) — g.(x) — L(z — 2)]]
< | gu(2) — gu(x) — L(z — =) |
=< e| z — x| =< e"U” l T(z — x)l,
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(A= dlulhe 2| p() — p()|
2|Tc- 9| -dUu|l- |76 - =]
=01 —-{UulD-| 76— 2],
hence p= | T(z—x)l and 2€Ea, wEp*(a). Thus
(15) C C p*(@).

From Theorem 3.6 of SA I (see Remark 2.3 of this paper) and the rela-
tions (15), (10), (4), (6) we infer

3[gXa)] 2| Plg¥)]| = | p*) | 2| C]
=1 = U EnE[| 2] =0]| = (1 = UID"] | - | det T|
=1 = dlu)™If(®) | a| > N al;
(16) Mal < 2fgt@].
From (11), (10), (4), (6) we similarly obtain
(17) v(@ < p|eal.
At last we use (10) and (13) to check that
ol 1BaElzl S0l _|EaE([s] s 1))
(diam o)™ ~ [det T| -(2|U]lp)  [det T| -(2|U|)™

and observe that the right-hand member of the last equation is a positive
number independent of p and a.

We combine the last remark with the relations (13), (16), (14), (17) to
complete the proof of Part 1.

Part 2. If XEK and XCB,, then

M X| = Ve(f, X, ®) and B[f*(X)] = u| X|.

Proof. Let r>0.
Choose an open set S such that XCS and | S—X| <r.
For x€ X define F(x) as in Part 1 and let

G(x) = F(2) E [« C ],
U= > G»).
z2EX

The existence of a countable disjointed family HC U for which | X—o(H)|
=0 may be deduced from the classical Vitali covering theorem (&) or from the

(®) S. Saks, Theory of the integral, Warsaw, 1937, p. 109.
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fact that G is a diametrically regular blanket(®). Now use Part 1, Lemma 4.1
and (2) to obtain

1 [*X)] = v [gX)] = v {e*le(D)]} + v {e*[X — o(H)]}
< gﬂv@ + e{g*[X — o(@)]}

< é‘?yulal + (10M)™| X — o(H) |
su|S| =l X|+9;

M x| s xgﬂlal < §H¢[gf<a>1 < §H¢[gf<ax>.]+d>[gf(a—x>]
< T elffeX)] + qom)n| « — X|

«€H

< Vk(f, X, ®) + (10M)~| S — X| < Vx(f, X, ®) + (10M)"r.
Thus

M X| S Ve(f, X, @) + 10M)™ and v [HX)] = u(| X|+7)
for every r >0. Let »—0.
Part3.\|A| SSN(f, A, y)d®y<p|A4|.
Proof. We use (1), Lemma 4.1 and Theorem 4.1 of SA I to check:

0=[4—B[=2[/4 - B)],

2| B.| =] B[ =]4],

8=1

3 Vet B ® = 3 [N, B. ity = [ 3 N, B, p)idy

=1 =1 81

= f N(f, B, y)ddy = f N(f, A, y)d®y.

We shall accordingly complete the proof by showing that
(18) M B.| = Ve(f, B ®) S| B.| for s=1,2,3---.

Fixing a positive integer s, we see that the first inequality in (18) follows
immediately from Part 2. If, on the other hand, GCK and G is a partition

of B,, then
e[ Sl se X |S| =ulB]|
s€Ea sEa

by virtue of Part 2. Considering the arbitrary nature of G, we are convinced
of the second inequality in (18).

4.4 LEMMA. If f is a function on E,, to E,; M is a number such that
| f2) — f(x)| S M|2— x| for 2E Em, & E Enm;
(®) Loc. cit. (3), Definition 6.5 and Theorem 6.12.
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A is a Lebesgue measurable subset of En; f is differentiable at each point of A
and Jf(x) =0 for x€A; then ®[f*(4)]=0.

Proof. We assume, without loss of generality, that [4| <  and divide
the remainder of the proof into two parts.

Part 1. If x€A4 and r >0, then there is a closed sphere «CE,, and an open
connected set aCE, such that x€a, diam a<r, diam a<r, f*(a)Ca,
v@ £r|al.

Proof. Let L be the differential of f at x and let % be the function such that

h(z) = f(x) + L(z — x).
Choose € so that
0 < 2e{||Ll| + e} | Enn E[| 3| = 1]| S 7| En E[| w]| = 1]],
select p so that 0<2p{||L|| +e+1} <7 and |f(z) —h(z)| <e|z—x| whenever

0<|z—2| =p.
Denoting by d(y, Y) the distance of the point y from the set ¥, we define

a=EnE[|lz—2x[=2p], a= E.E [d{y, *(@)} < ep).

Of all the properties required for « and &, only the last is not quite obvi-
ously satisfied. In order to prove it, let P be any projection function on E,

to E,,. Denote
Q= Emg [wn. = 0].

Since A(L) =Jf(x) =0, the points L!, L% - .., L™ are linearly dependent;
hence the same is true of the points P(L?), - - -, P(L™). We may therefore
select a distance preserving transformation T on E,, to E,, such that

[T:P:h]*() C Q.
Let
B=QE[|w— [T:P:h](x)| s ||Ll|o],
C=EnE[|w— [T:P:h](x)| < {|[L]l + ¢}p; | wa] < e0]

and successively check the relations
W@ CEE[|ly—n@®]|=|Llel,  [T:P:h]*e) CB,
[T:P]*(a) C EnE [d{w, [T:P:h]*(a)} <] C En E [d(w, B) < ] CC.
| P*@)| = | [T:PI@| ]| C]
= 2ep{[|L|| + e} mtpm | Ena E [| 5] = 1]]
| Ena B[] 2] S 1]]
| En E[| w| = 1]|

= 2¢{[[Z]] + ¢} |a| = 7]al.
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Thus | P*(2)| <7|«| and from the arbitrary nature of P we infer y(a) S7|a|.

Part2. ®[f*(4)]=0.

Proof. Let r>0.

Choose an open set S such that A CSCE., |S| <|A4]|+7. Let F be the
family of all closed spheres «C.S which satisfy all the conditions of Part 1.
Clearly-F covers A4 in the sense of Vitali and there is a countable disjointed
subfamily G of F such that |A —a(G)l =0. Use Part 1 and 4.1 to infer

@] = v le@l + virtla - 6]}
S X v@+ o4 - @]} =7 X |a| + M| 4 - 0(6)]
«E6 ) «€¢
<r|S|<rf|4]| +r};
v <rfl 4] +r}.
Let r—0.
- 4.5 THEOREM. If f is a function on En to E,; M is a number such that
|f2) = f(x)| S M|z — x| for 52E Em, x € En;

T is a Lebesgue measurable subset of En; then

[v4, 7, pazy = [ 110,
T
Proof. Let 4 be the set of those points of T at which f is not differentiable.

From Rademacher’s theorem(1®) we know that IA| =0. Hence ®[f*(4)]=0
by 4.1. Denote

B= (T —A)E[f®)=0], C=(T-4)E[f>0],

and observe that the theorem follows immediately from the following

Statement. If t>1, then

- f If@iz s [N, T, paey s 1 f If(x)dx.

Proof. Let « be the set of all integers. For j€E« let
Ci=CE[ <Jf(x) = tit1],

and infer from 4.3, taking A =¢/ and letting u—¢/+!'+, that

vl c;| = fN(f, Ci y)ddy < 41| C;|

(%) H. Rademacher, Uber partielle und totale Differensierbarkeit, I, Math. Ann. vol. 79
(1919).
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because C;is a Borel set. Note that
T=A+B+) Cj

i€a

and accordingly

! fT Jf(x)dx = £ fA Jf(x)dx + ¢ fB Jf(x)dx+i§at‘1 Cj]f(x)dx
sTulals T [wy.coney = [ T a0 ¢, nazy
i€a i€a ' i€a
=fN(f1 Cv y)déy = 2 fN(f’ Civ y)d‘l’y = Eti+llcil
i€a i€a

<>t Jf(x)dx S ¢ f Jf(x)dx;
T

i€a C;

1 f If@ix s [Ny, ¢ Daey s ¢ f Jf(x)dz.

But ®[f*(4+B)] = ®[f*(4)]+®[f*(B)] =0 in view of our remark at the
beginning of the proof and of Lemma 4.4. Thus

N(f' C, )’) = N(fa T, y)

for ® almost all y in E, and we complete the proof by substitution in the last
integral inequality.
5. Approximately differentiable surfaces.

5.1 THEOREM. If f is a Lebesgue measurable function on E, to E,, T is a

Lebesgue measurable subset of E,, and if there are sets Ty, T, Ts, - - - and num-
bers M, Mo, Ms, - - - such that
T=>T,;
je=1
and ’

|f(z) — f(x) | =< M,~| z — xl whenever z E T, x € T,
then

fN(f, T, y)ddy = j;]f(x)dx.

Proof. Let C be the set of points of approximate continuity of f. For each
positive integer j let D; be the set of points of density of T'; and define

i—1
S;=7TCD;, A;=S;— > S.

=1

We note that .S; is a Lebesgue measurable set with
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| T; - 8;| =| T; — TCD;| = | T; — CD;|
g|T,-C|+|Ti-Di| =0,
(1) | T;—S;|=0 for j=1,2,3,---.
The remainder of the proof is divided into four parts.
Part 1. If xES;, 2ES;, then |f(2) —f(x)| < Mj|z—x].
Proof. Select a measurable set 4 with density 1 at x such that f is continu-
ous relative to 4 at x. Since A is measurable it is easily seen(1!) that x is a

point of density of the set AT, even though T'; may be nonmeasurable. Hence
there are points %!, %2, 43, - - - such that

lim u* = x, ut* € AT; for k=1,2,3---.

) L]

It follows that
lim f(u¥) = f(z), w*E€ T; for k=1,23,---.

k—o
Applying the same reasoning to z we find points v, v2, ¢, - - - for which

lim 9% = gz, lim f(v*) = f(2), veT; for k=1,2,3,---.

k— o0 k—o
Accordingly
| 7&) = f&) | = | lim f*) — lim fw9) | = lim | (%) — fu")|
< M;limsup | o* — u*| = M;| 5 — x|.
k—ro0
Part 2. If j is a positive integer, then
fN(f, 4, y)ddy = Jf(x)dx.
45

Proof. In view of Part 1 there exists(12?) a function g on E,, to E, such that
g satisfies a Lipschitz condition on E,, and
) g(x) = f(x) for xE€ S,
It follows from Theorem 4.5 that

@) [ 45 a2y = [ g

Aj

(1) The relation |XA|+|XT;| =|X(4+T;)| +|XAT;| holds for every X CEm. See
C. Carathéodory, Vorlesungen iiber reelle Funktionen, Leipzig, 1927, p. 252.

(1) H. Whitney, Analytic extensions of differentiable functions defined in closed sets, Trans.
Amer. Math. Soc. vol. 36 (1934). Apply the formula given in the last footnote on page 63 to
each of the 7 coordinate functions.
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But 4,;CS;; hence (2) implies
4 N(g, A5 y) = N(f, A;, 5) for y € E,.

Moreover at each point of density of S;at which g is differentiable, the differ-
ential of g is the approximate differential of f. Accordingly

(5) Jg(x) = Jf(x) for almost all xin S;.

Substitute (4) and (5) in (3) to establish Part 2.

Part 3. If j is a positive integer, then ®[f*(T;—S;)]=0.

Proof. Remember that f satisfies a Lipschitz condition on T'; and apply (1)
and 4.1.

Part 4. [N(f, T, y)d®y = [rJf(x)dx.

Proof. Let S =Zf-155; note that 4,, 4,, 4;, - - - are disjoint and

©) S=X4;, (T-$5CX(T;-S).
J=1 Je=1

Hence (1) and Part 3 imply

(™ | T -S| =e[MT-5]=0,

(8 N(f,T,y) = N({, S, y) for ®almost all y in E,.

We now use (7), Part 2, (6), (8) to conclude

j;]f(x)dx = ,fst(x)dx = Zw: Jf(x)dx

j=1V A;

=2 |N(f, Aj, y)ddy = | X N(f, 4;, y)d®y

= fN(f, S, y)ddy = fN(f, T, y)a®y.

5.2 THEOREM. If f is a Lebesgue measurable function on E,, to E,, T is a
Lebesgue measurable subset of -E,, and

lim sup apl—L(IZ)—_f(lx)I < o forevery x&E T,
2z zZ2— X
then
[w6. 7. a0y = [ s
T
Proof. Let

Ko=EnE[|w| 5 1],
Ki=EaE[|w~(1,0,--,0]=1]
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and denote
| KoK, |
o= "
| Ko| +| K 1|

Since KK, has interior points, we know that a>0.
For each positive integer j, we let T; be the set of all points x for which
xET, |f(x)| <j, and 0<r<j~! implies

|E[|w— x| <7 |fw) - f(D] Sj|w— 2]
>U-a|E[|w-=|=r]l
Evidently

and use of 5.1 will complete the proof as soon as we verify the following
Statement. If x& T, 2E T}, then

| 1@ — f(=)| < 22|z — =]

>j-1, we have If(z) —f(x)l §2j<2j2|z—xl. We hence-
=r=<j! and define

G=E[lw—xls7, C=E[lw-s|=r]

Proof. If
forth assume

Z2—Xx
Z—Xx

note that
| CoCi |

T Tl +Tal
Bo=CoE[| f(w) — f(®)| Sjlw~=]],
Bi=CiE[| f(w) - f&)| S| w—2]]

and let

Since f is a measurable function we know that B, and B, are measurable
sets and

| BoBi| =| Bo| + | B:| —| Bo + Bl
>A—-a) |G|+ A =-a)|Ci| —]|Co+Cil
=@ -] +]ci|} = {lC]+]Ci]| =] Coh] }
=[] = af[Co| +[Ci] } = 0.
Thus |BoBy| >0 and we can pick a point wEBoB1. Then
| /@ — f(®)| S| 1G) = fG) | +| f() — f(=)| S j|2— w| +j|z— x|
=2jr=2j|z—x| §2j2|z—x|.

5.3 THEOREM. If f is a continuous function on E,, to E,., T is an analytic
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subset of E.. and the approximate partial derivatives of f exist (finite) at almost
all points of T, then

f]f(x)dx = fN(f, T, y)ddy.
T

Proof. Let S be the subset of T on which f is approximately differentiable.
From Stephanoff’s theorem (1¥) we see that | T'— S| =0 and combine this with
5.2 to infer

fTJf(x)dx = Llf(x)dx =fN(f, S, y)ddy.

But N(f, S, ») SN(f, T, y) for yEE, and completion of the proof depends
merely on showing that the last expression is ¢ measurable. For this purpose
we use Theorem 4.1 of SA I, taking F=the family of all analytic subsets of 7.

5.4 Remark. Suppose [rJf(x)dx <  in addition to the hypotheses of 5.3.
Then equality holds in the conclusion of that theorem if and only if

®[f*(X)] = 0 whenewer X C T, | X| =0.
6. Two-dimensional surfaces in #z-dimensional space.

6.1 THEOREM. If f is a Lebesgue measurable function on E; to E, (2=n);
T is a Lebesgue measurable subset of E.; corresponding to each x T there are
three distinct points %', &2, 3 of Es such that [a‘ci | =1 and
[z + &%) — f(2)
t

lim sup < oo for j=1,2,3;

10+

then
[0, 1. aey = f Jf(2)ds.

Proof. Let C=E:E.[|z]| =1].

Let W be the set of all matrices whose columns are three distinct points
of C. For each x&T, the points %!, £%, # are evidently the columns of the
matrix #€ W. Each matrix w&E W determines a subdivision of C into three
arcs as follows: Cy(w) leads from w? to w?; Ca(w) from w? to w!; C3(w) from w!
to w2 Further we denote by &(w) the smallest of the distances from w to
Cj(w), where j=1, 2, 3, and observe that §(w) >0 for wE W.

Now let D be a countable subset of C which is dense in C and define

Z = Wg[wfep for j =1, 2, 3].
We write a+b=a;b1+asb: for a€ Ez, bE Ez and note that | #¢-#/| <1 when-
everx&T;:1=1,2,3;j=1, 2, 3; 15j.

(*%) Loc. cit. (7), p. 300. The extension to m dimensions offers no difficulty.
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For each positive integer k and each matrix w&EZ, we let T} be the set
of all points x for which:

s€T; | DSk 8(8) >4k
| f(x + t27) — f(x)| < k¢ whenever 0S¢ <2k, j=1,2,3.
1 — xtex? > 3k whenever ¢=1,2,3;7=1,2,3;4¢j.
| 28 — wi| < k' for j=1,2,3.
Since Z is countable and
T=3 X TV
k=1 wE2Z

our theorem is a consequence of 5.1 and the following
Statement. If x€ Ty and zE Ty, then

| /@) — f(0)| < 28%] 5 — =].
Proof. Let =41, In case |2—=x| 272, we have
| f2) — f(2) | < 2k = 2k% < 28%| 2 — x|

and we henceforth assume
1 |z — 2| <2

We define

K=E[|u—2|=r]

S; = {:J[l u—z| = r,lz—:%leci(x)], K;=KS; for j=1,2,3;

and let L; be the line segment joining x and x+r#’. Since (1) implies
zezf_ls,-, we may, without loss of generality, assume 2&E.S;.

The half ray issuing from 2z with direction 2® intersects the boundary of S
in a point #; that is, a number A 20 can be found such that

(2) z+)\2’=u€(L1+L2+K3).
We have A= |\3*| = |u—2z| <27 since 2 and « are inside K; hence
©) 0=\s2r

We shall prove next (by contradiction) that
4) % € Ly + L.

By virtue of (2), the denial of (4) implies # €Kj. From the definition of K;
we infer

lu—x|=r, (u—2)/rECsa),
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and use the definitions of 8(%) and T} as well as the relations (2), (1) to obtain
8(%) | (w—x)/r — :‘c’| = k|z+)\23-— x-—ri‘l
S k{|z— x| + |2 — 12| +| 12 — rw?| + | rwd — 23| }
< k{r’+|)\-—r|+72+r“’} =3r+ k|N—7|
=3+ k||u—s|—|u—z||S3+k|lz—z| <3 +r<iQ;

hence §(%) < 8(%), which is false. Thus we have verified (4) and we may, with-
out loss of generality, assume

u E Ll.
We infer the existence of a number u such that
(9 O0sSp=sr, =zx+4pz'=uwu

Use (2), (5) and the definition of T} to compute
soa=uE =N, G- D) —8) = (N - 2w,
1—3@l=1— 2@+ (B2 23— |85,
|2 — x| | 2 — 2|

Au= Y S@M|z—=x|;p+ NS 28|z - x|

The last relation combines with (2), (5), (3) and the definition of T} to give
us the result:

| 1) — f®)| £ 1G) = fGa + M) | +| f(x + u2) — f(2) |
SNt bu=kM+p) S22 35— x| S 28|z — x|.

6.2 Remark. It is easy to show by an example that the three directions
associated with each poirit in 6.1 cannot be replaced by two directions.

6.3 THEOREM. If the Lebesgue measurable function f on E, to E, (2 <n) has
finite partial derivatives at each point of the Lebesgue measurable set T, then

fv0. 7. 9008y = [ 133
T

Proof. Take #'=(1, 0); 2= (0, 1); #3=(—1, 0) for x&T and apply 6.1.

7. Functions on the line to the line.

1.1 Definition. If f is a function on E,; to E;, then D*fis the function such
that

DHf(2) = lim sup 2 I
2oz z2— X

7.2 THEOREM. If f is a Lebesgue measurable function on E, to E,, T is a
Lebesgue measurable set of numbers and
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| DHf(x)| < © for xE T,
then

fN(f, T, y)dy = fT | D¥f(2) | da.

Proof. From Theorem 9.9 of Saks(™), chap. 9, we infer the existence of a
set .SCT such that

| T—=58|=0, Jf(x) =|D*f(x)| for xES.
Hence Theorem 5.2 of this paper yields

Jwu.s.9ay = [ sgyan = [ [ D* )] ax = [ |0 500)] 0

But Theorem 4.6 of Saks(!), chap. 9, tells us
| <T =8| =0
and we complete the proof by observing that the last relation implies
N(f, S, y) =N(f, T, y) for almost all numbers y.
() Loc. cit. (7).
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